Abstract: This paper reports very accurate vibration frequencies of moderately thick sectorial plates with various boundary conditions and vertex angles (1 1 90 2 , 180 2 , 270 2 , 300 2 , 330 2 , and 355 2 ) based on Mindlin plate theory, and provides the nodal patterns of their vibration modes for the first time in the published literature. Most of the extensive frequencies presented are exact to the four digits shown. The classical Ritz method is employed, using corner functions and algebraic trigonometric functions as the admissible functions. Because the corner functions properly describe the singularity behaviors of moments and shear forces in the vicinity of the vertex of a sectorial plate, they substantially enhance the convergence and accuracy of the numerical results, which is shown by convergence studies.
INTRODUCTION
Plates are fundamental structural components, which are widely used in practical engineering projects and have caught many researchers' interests. Leissa (1969 Leissa ( , 1977a Leissa ( , 1977b Leissa ( , 1981a Leissa ( , 1981b Leissa ( , 1987a Leissa ( , 1987b ) reviewed more than one thousand technical publications on vibrations of thin or thick plates published before 1985, while Liew et al. (1995) concentrated their review on the vibrations of thick plates on pre-1994 publications. These reviews show that there are far fewer studies on vibrations of sectorial plates than for circular, rectangular, or even annular sector plates. The existence of moment and shear force singularities at the vertex of a sectorial plate considerably increases the difficulty of numerically obtaining accurate frequencies and mode shapes for this configuration.
A number of studies have been carried out on vibrations of thin sectorial plates. Based on classical thin plate theory, Huang et al. (1993) provided the first known exact analytical solution for sectorial plates with simply supported radial edges. No exact analytical solutions are possible with other boundary conditions along the radial edges. Various numerical solutions were developed, such as those based on energy methods (Rubin, 19751 Bhattacharya and Bhowmic, 1975) , finite element method (Houmat, 2001) , finite strip method (Cheung and Chan, 1981) , differential quadrature method (Wang and Wang, 2004) , and the Ritz method (Leissa et al., 19931 McGee et al., 2003) . Among these numerical solutions for thin plates, the solutions developed by Leissa et al. (1993) and McGee et al. (2003) are the most accurate because the admissible functions in the Ritz method include the corner functions, which appropriately describe the singular behavior of moments in the neighborhood of the vertex of a sectorial plate. Experimental studies were also performed by Waller (1952) and Maruyama and Ichinomiya (1981) into the vibration behavior of free and clamped sectorial plates, respectively.
Only a few investigations have been carried out into the vibrations of sectorial plates based on Mindlin or Reissner plate theory, even though shear deformation and rotary inertia are known to be important to any analysis of moderately thick plates, and in determining the higher vibration frequencies of thin plates. Huang et al. (1994) obtained exact analytical solutions for sectorial plates with simply supported radial edges, which involve ordinary and modified Bessel functions. Liu and Liew (1999) applied the differential quadrature method to analyze the free vibration of sectorial plates with edges either clamped or simply supported. They considered annular sector plates with an inner to outer radius ratio of 0.00001 and with free boundary conditions along the inner circular edge, so that no moment and shear force singularities need to be taken into account. This was the same procedure used earlier by Leissa et al. (1993) for thin annular plates, presented there in addition to the method employing corner functions. The accuracy of this approach depends on the inner to outer radius ratio chosen and the boundary conditions along the inner circular edge. While a number of researchers have investigated vibrations of thick annular sector plates using various methods (e.g., Guruswamy and Yang, 19791 Cheung and Chan, 19811 Srinivasan and Thiruvenkatachari, 19851 Mizusawa, 19911 Xiang et al., 19931 Mizusawa et al., 19941 McGee et al., 1995a1 Liew and Liu, 2000) , only Xiang et al. (1993) demonstrated results for plates with an inner to outer radius ratio of 0.00001 and with sector angles not larger than 90
2 . The studies cited above reveal that there is a need to develop accurate solutions for vibration frequencies of thick sectorial plates with various boundary conditions and vertex angles, and which may have moment and shear force singularities at the neighborhood of the vertex of the sectorial plate. In the present work, a procedure recently developed for the analysis of skewed plates with re-entrant corners (Huang et al., 2005 ) is extended to sectorial plates. The Ritz method is used with displacement components, which are represented by a mathematically complete set of admissible algebraic-trigonometric polynomials in conjunction with corner functions that appropriately represent the singular behaviors of moments and shear forces in the neighborhood of the vertex. The corner functions significantly accelerate the convergence of the numerical solutions. Accurate non-dimensional frequencies are presented for sectorial plates with various boundary conditions, vertex angles (1 1 90 2 2 180 2 2 270 2 2 300 2 2 330 2 2 and 355 2 3, and thickness-to-radius ratios (h4a 1 051 or 0.2). The nodal patterns are also shown.
METHODOLOGY
In the Ritz method, the vibration frequencies of plates are obtained by minimizing the energy function
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Figure 1. Geometry and coordinate system of a sectorial plate.
where V max and T max are maximum strain energy and maximum kinetic energy during a vibratory cycle, respectively. In terms of polar coordinates (see Figure 1 ), V max and T max are expressed as 
where
B i j and 6 C i j are coefficients to be determined by minimizing 6. In equations (5), I k can be different for different k. However, for simplicity, they are set to be I 1 1 I 3 1 I 5 1 I 7 and I 2 1 I 4 1 I 6 1 I 8 in the following. Functions g i 9r3 and f j 9 3 are chosen to make the admissible functions satisfy the geometric boundary conditions along the circular and radial edges, respectively.
For different boundary conditions along the circular edge (r 1 a), g i 9r3 are chosen as follows: 
where m j and n j are either zero or one depending on the boundary conditions along the radial edges. For different boundary conditions along 1 0, m j is given as follows:
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Clamped : m 1 1 m 3 1 m 5 1 12 the rest all equal to zero7
Simply supported : m 1 1 m 5 1 12 the rest all equal to zero7
Free : all equal to zero5
The same rule is applied to n j for different boundary conditions along 1 1. Notably, the simply supported conditions given above simulate the mechanical support of a line hinge along an edge. When the problems under consideration are symmetric (i.e., have the same boundary conditions along the two radial edges), one can take advantage of the symmetry and set 1 0 as the symmetry axis. Then functions f j 9 3 ( j 1 12 22 5 5 5 2 6) can expressed as
where the rule for determining k j is the same as that for m j given above. The sets of corner functions are written as
where r k 2 k and W l are established from the asymptotic solutions presented by Huang (2003) and McGee et al. (2005) . The expressions for r k 2 k and W l used in this work are listed in Table 1 . When k in Table 1 is a complex number, the corresponding r k and k are complex functions. Because 9 k is always real, W k is a real function. To meet the regularity conditions at r 1 0 the real parts of k and 9 k have to exceed zero, and k and 9 k are ranked by increasing order of magnitude of the real part. r k and k are usually more complicated than the algebraic-trigonometric polynomials used in r p and p .
Using the Ritz method, the free vibration problem is solved by substituting equations (4), (5) and (8) into equations (2) and (3), and minimizing the energy functional 6 given in equation (1) with respect to the coefficients
, and 8 C k by partial differentiation. This yields a set of homogeneous linear algebraic equations in terms of these coefficients, which lead to a standard eigenvalue problem. A similar formulation for these equations in matrix form can be found in Xiang et al. (1993) . The resulting eigenvalues correspond to the vibration frequencies, and the corresponding eigenfunctions describe the mode shapes. Table 1 . Corner functions corresponding to various boundary conditions along radial edges.
Boundary con-
Corner functions ditions along radial edges Clampedrk 9r2 3 1 r k cos9 k 5 13 4 9 k 1 1 sin9 k 5 13 4 cos9 k 4 13
Free 5 1 sin9 k 4 13 2 k 9r2 3 1 r k 4 sin9 k 5 13 4 9 k 1 1 cos9 k 5 13 5 9 k 1 sin9 k 4 13
where 1 1 4 k 91 4 3 cos9 k 5 131 4 9 9 k 1 9 k 4 13 4 k 4 13 cos9 k 4 131 9 9 k 1 9 k 4 13 4 k 4 13 sin9 k 4 131 4 9 k 1 k 91 4 3 sin9 k 5 131 are the k th root of sin 1 1 4 sin 1 and sin 9 142 1 0, respectively. 
CONVERGENCE STUDIES
The Ritz method always gives upper-bound solutions for vibration frequencies. Because the sets of polynomials (equations (5)) are mathematically complete, the numerical solutions will converge to exact solutions when the number of admissible functions is sufficiently large. The purpose of the corner functions (equations (8)) is to accelerate the convergence.
Here, convergence studies were conducted to verify the accuracy of the present solutions and 642 C. S. HUANG ET AL. to show the effects of corner functions on the numerical solutions. The results given here are for plates with 1 053 and 2 (shear correction factor) 1 2 412. The different combinations of boundary conditions along radial edges and circular edge are considered in this section and the next are F-F-F, C-F-F, S-F-F, C-C-F, S-C-F, and C-C-C (where S-C-F, for instance, denotes simply supported, clamped, and free boundary conditions along edges 1, 2, and 3, respectively, on the sectorial plate shown in Figure 1) .
Tables 2-4 list the nondimensional frequencies 7a 2 8h4D of plates (h4a 1 051), produced using different numbers of admissible functions, with C-F-F boundary conditions and having 1 1 90 2 , 270 2 and 355 2 , respectively. Notably, increasing the vertex angle leads to more severe stress singularities at the neighborhood of r 1 0. It can be observed that the results for the plate with 1 1 90 2 converge well even using only algebraic-trigonometric polynomials, but that this is not the case for the plates with 1 1 270 2 and 355 2 . Adding corner functions to the admissible functions accelerates the convergence of the numerical results considerably, especially for larger 1, where the stress singularities are more severe. Using 20 corner functions for each of r c 2 c and W c and setting I 2 1 I 4 1 I 6 1 I 8 1 22 and I 1 1 I 3 1 I 5 1 I 7 1 21 in equations (4) gives results that are accurate to at least three significant figures. Table 4 (1 1 355
2 ) shows that using 800 polynomial terms without any corner functions, the fundamental frequency obtained is 39 percent higher than the accurate value (1.712) obtained when 60 corner functions are added. It is worth noting that using I k larger than those given in Tables 2-4 may cause numerical difficulties through ill-conditioned matrices. Tables 2 to 4 show corner functions accelerating the convergence of the numerical solution, but the corner functions themselves are rather too complicated. Can one use some simplified corner functions having the same singular order as the original corner functions and get accurate results? To answer this question, a simple convergence study was conducted for F-F-F and C-F-F sectorial plates with 1 1 355 2 and h4a 1 051. Tables 5 and 6 show the results obtained by using the corner functions given in Table 1 and by using simplified corner functions defined as follows: For clamped-free radial edges,
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For free-free radial edges,
where the subscripts ",S" and ",A" denote the symmetric and antisymmetric modes, respectively. These simplified corner functions give the correct singularity orders of moments and shear forces at r 1 0. The simplified corner functions for r c and c are much simpler than the original corner functions, especially those for clamped-free radial edges. In Tables 5 and 6 , using one corner function in each r c 2 c and W c means that only the functions leading to the correct singularity orders of moments and shear forces are added into the admissible functions. When k 9k 1 13 is complex, the real part of the corresponding complex corner function is used if only one corner function is used in the admissible functions. In the case of completely free sectorial plates (Table 5) , the simplified corner functions give results very close (within 0.5%) to those produced by the original corner functions (Table 1), although the latter give slightly better solutions. In the case of sectorial plates with C-F-F boundary conditions (see Table 6 ), the simplified corner functions improve the convergence of the numerical results when compared with the model using just the polynomials. However, the improvement achieved by using the original corner functions is much better1 the difference can be more than 4%. The reason for the simplified corner functions having 646 C. S. HUANG ET AL. different effects on improving the accuracy of the results given in Tables 5 and 6 is that the first few values of k for clamped-free radial edges are complex numbers, so that the simplified corner functions do not correctly portray the singular behaviors of moments in the vicinity of the vertex. Complex k 9k 1 13 yields bending moments approaching infinity in an oscillatory manner as r approaches zero, while the simplified corner functions yield the moments approaching infinity monotonically. The results in Tables 5 and 6 imply that the ability of the corner functions to accurately describe the singular behaviors of moments and shear forces can considerably accelerate the convergence of numerical results. This observation also suggests a need for caution in the use of r -type singular elements in a finite element approach, in which is assigned to be real. Notably, the corner functions can cooperate with a finite element approaches as Gifford and Hilton (1978) developed enriched finite elements for determining stress intensity factor in plane crack problems. Liu and Liew (1999) .
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FREQUENCIES AND MODE SHAPES
Extensive convergence studies were performed to give the accurate nondimensional frequency parameters 7a 2 8h4D listed in Tables 7-9. All frequency results are guaranteed upper bounds to the exact values and exact (i.e., converged) to at least three significant figures. Tables 7-9 list the nondimensional frequencies of the first five modes for sectorial plates with different boundary conditions (C-C-C, F-F-F, C-F-F, S-F-F, C-C-F, and S-C-F), vertex angles (1 1 90 2 , 180 2 , 270 2 300 2 , 330 2 and 355 2 ) and ratios of thickness to radius (h4a 1 051 and 0.2). Since there are no published results for thick sectorial plates with 1 180
2 and boundary conditions other than simply supported along the radial edges, the results given in Tables 7-9 emphasize cases where 1 180 2 to fill the gap in existing frequency data in the published literature. Tables 8 and 9 , together with the results given in Huang et al. (1994) represent all the possible cases when the circular edge is free.
As mentioned in the introduction, some researchers have investigated the vibrations of annular sector plates and used the free boundary conditions along the inner circular edge and a very small inner to outer radius ratio (0.00001) to approximate the solutions of sectorial plates. The accuracy of these approximate solutions depends on the chosen inner to outer radius ratio and the boundary conditions used along the inner circular edge. It is interesting to compare those published results with the present results, as Leissa et al. (1993) did with their results. Table 7 compares the present results with those of Liu and Liew (1999) for completely clamped sectorial plates. The agreement between the results is excellent, although the results produced by Liu and Liew are always smaller than the present results, as 648 C. S. HUANG ET AL. they used a free boundary condition along the inner circular edge, which makes the plate less constrained than a completely clamped sectorial plate. Notably, Tables 8 and 9 do not list the zero frequencies of the three rigid body modes and one rigid body mode for plates with F-F-F and S-F-F boundary conditions, respectively. If these rigid body modes are taken into account, as the boundary conditions change from F-F-F to S-F-F, C-F-F, S-C-F, and to C-C-F, the plates become stiffer, so that their frequencies increase for each mode. As the vertex angle (1) increases, the nondimensional frequency parameters generally decrease (except for the second modes of S-F-F plates). This trend was also observed in the solutions based on thin plate theory (McGee et al., 2003) . The effect of thickness on the vibration frequencies can be seen from the results in Tables 8 and 9 and those for thin plates given by McGee et al. (1995b McGee et al. ( , 2003 . The nondimensional frequency parameters decrease as the thickness increases if the radius (a) remains fixed. This is expected, because the effects of shear deformation and rotary inertia are included here. However, if h increases, with all other parameters (82 E, ) remaining the same, the frequencies (7) also increase.
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Figures 2 to 4 show the nodal patterns of the first five modes for sectorial plates having h4a 1 051 and the same vertex angles (1 1 90 2 , 180 2 , 270 2 300 2 , 330 2 , and 355 2 ) as in Tables 8 and 9 and various boundary conditions (F-F-F, C-F-F, and C-C-F). The parenthesized numbers are the nondimensional frequencies for the corresponding modes. The nodal patterns of the F-F-F and C-F-F sectorial plates with 1 1 355 2 shown in Figures 2 and 3 are very similar to those for thin plates given by Leissa et al. (1993) and McGee et al. (1995) , respectively. The existence of the sharp V-notch (1 1 355
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2 ) severely distorts the nodal patterns of a completely free circular plate. When 1 changes from 330 2 to 355 2 , the nodal patterns for F-F-F plates remain very similar, and the nodal patterns for C-F-F plates are also
